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1 Introduction
Anomalous decays of the neutral pseudoscalar
mesons P (P = pi0,η,η′) are driven through the chiral
anomaly of QCD. Of historical importance is the process
P→ γγ. Apart from being the main decay channel of the
pi0 and the η, its experimental discovery confirmed, for
the first time, the existence of anomalies. In this case,
the two final state photons are real and the transition
form factor (TFF) encoding the effects of the strong in-
teractions of the decaying meson is predicted to be sim-
ply a constant, the value of the axial anomaly in the
chiral and large-Nc limits of QCD, Fpi0γγ(0) = 1/(4pi
2Fpi)
in the case of neutral pion, where Fpi ' 92 MeV is the
pion decay constant. However, if one of the two photons
is virtual, the corresponding TFF is no longer a con-
stant but a function of the transferred momentum to the
virtual photon FPγγ∗(q2), whereas when both photons
are virtual the TFF depends on both photon virtualities
and is represented by FPγ∗γ∗ (q21 , q
2
2). A single Dalitz
decay occurs through the single-virtual TFF after the
conversion of the virtual photon into a lepton pair, while
double Dalitz decays proceed with the TFF of double
virtuality involving two dilepton pairs in the final state.
Dalitz decays are hence attractive processes to improve
our knowledge of the TFFs of the Pγ(∗)γ∗ vertices. This
is the main motivation of this work, together with pre-
dicting the invariant mass spectra and the branching ra-
tios (BR) of the decays P → `+`−γ and P → `+`−`+`−,
with P =pi0,η,η′ and `= e or µ.
From the experimental side, the current status is the
following. The PDG reported value for the branching
ratio of the decay pi0 → e+e−γ is (1.174± 0.035)% [1],
which is obtained from the PDG fits of the ratio Γ(pi0→
e+e−γ)/Γ(pi0→ γγ) = (1.188±0.035)% (the latest mea-
surement of this ratio, (1.140±0.041)%, was performed by
ALEPH in 2008 [2]) and B(pi0→ γγ) = (98.823±0.034)%.
It is worth commenting that this is the second most im-
portant decay mode of the pi0. The branching ratio for
the decay η → e+e−γ has recently been measured by
the A2 Collaboration at MAMI [3], (6.6±0.4±0.4)×10−3
(see also the most recent result in Ref. [4]), and the CEL-
SIUS/WASA Collaboration [5], (7.8± 0.5± 0.8)× 10−3,
whilst the PDG quoted value is (6.9±0.4)×10−3 [1], in
accordance with the result, (6.72± 0.07± 0.31)× 10−3,
from the WASA@COSY Collaboration [6]. The decay
η→µ+µ−γ has been studied by the NA60 Collaboration
at CERN SPS [7], though they do not provide a value
for the branching ratio. The PDG fit reports the value
(3.1±0.4)×10−4 [1]. The branching fraction for the decay
η′→ e+e−γ has recently been measured for the first time
by the BESIII Collaboration [8], obtaining a value of
(4.69±0.20±0.23)×10−4. To end, the decay η′→µ+µ−γ
was measured long ago at the SERPUKHOV-134 exper-
iment with a value of (1.08±0.27)×10−4 [9]. Regarding
the double Dalitz decays, the KTeV Collaboration mea-
sured the branching ratio of the decay pi0→ e+e−e+e−,
(3.46± 0.19)× 10−5 [10], thus averaging the PDG re-
sult to (3.38± 0.16)× 10−5 [1]. The KLOE Collabo-
ration reported the first experimental measurement of
η → e+e−e+e− [11], (2.4± 0.2± 0.1)× 10−5, which is in
agreement with the result, (3.2±0.9±0.5)×10−5, provided
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by the WASA@COSY Collaboration [6]. In Ref. [5], up-
per bounds for the branching ratios of η→ µ+µ−µ+µ−,
< 3.6×10−4, and η→ e+e−µ+µ−, < 1.6×10−4, both at
90% CL, are reported. Finally, no experimental evidence
for η′→ e+e−e+e−, η′→µ+µ−µ+µ− and η′→ e+e−µ+µ−
exists.
On the theory side, the effort is focused on encoding
the QCD dynamical effects in the anomalous Pγ(∗)γ∗
vertices through the corresponding TFF functionsa. The
exact momentum dependence of these TFFs over the
whole energy region is not known; we only have the-
oretical predictions from chiral perturbation theory and
perturbative QCD (ChPT, pQCD), thus constraining the
low- and space-like large-momentum transfer regions, re-
spectively. The TFF at zero-momentum transfer can
be inferred either from the measured two-photon partial
width,
|FPγγ(0)|2 = 64pi
(4piα)2
Γ(P→ γγ)
M3P
, (1)
or the prediction from the axial anomaly in the chiral
and large-Nc limits of QCD, as mentioned before, while
the asymptotic behaviour of the TFF at Q2 ≡−q2→∞
should exhibit the right falloff as 1/Q2 [12]b. Further-
more, the operator product expansion (OPE) predicts
the behaviour of the double-virtual TFF in the limit
Q21 = Q
2
2 ≡ Q2 → ∞ to be the same as for the single
one, that is, 1/Q2 [19]c. For the intermediate-momentum
transfer region, the most common parameterisation of
the TFF, widely used by experimental analyses, is pro-
vided by the vector meson dominance model (VMD).
The dispersive representation of the TFF in terms of q2,
where q2 is the photon virtuality in the time-like momen-
tum region, can be written as
FPγγ∗(q
2) =
∫ ∞
s0
ds
ρ(s)
s−q2− i , (2)
where s0 is the threshold for the physical intermediate
states imposed by unitarity and ρ(s) = ImFPγγ∗(s)/pi is
the associated spectral function. To approximate this
intermediate-energy part of the spectral function, one
usually employs one or more single-particle states. As
an illustration, the contribution to the spectral func-
tion of a narrow-width resonance of mass Meff reduces
to ρ(s)∝ δ(s−M2eff), which yields
FPγγ∗(q
2) =
FPγγ(0)
1−q2/Λ2 , (3)
where FPγγ(0) serves as a normalisation constant and
Λ(=Meff) is a real parameter which fixes the position of
the resonance pole on the real axis. However, the simple
and successful single-pole approximation given in Eq. (3)
breaks down for q2 = Λ2. One may cure this limitation
by taking into account resonant finite-width effects as
proposed by Landsberg in Ref. [70] when considering the
transitions P→ `+`−γ in a VMD framework. According
to this model, these transitions occur through the ex-
change of the lowest-lying ρ, ω and φ vector resonances
and their contributions to the TFF are written as
F˜Pγγ∗(q
2) =
( ∑
V=ρ,ω,φ
gVPγ
2gV γ
)−1
(4)
×
∑
V=ρ,ω,φ
gVPγ
2gV γ
M2V
M2V −q2− iMV ΓV (q2)
,
where F˜Pγγ∗(q2) = FPγγ∗(q2)/FPγγ(0) is defined as the
normalised TFF, gVPγ and gV γ are the V Pγ and V γ cou-
plings, respectively, MV the vector masses, and ΓV (q
2)
the energy-dependent widths.
Despite the notorious success of VMD in describing
lots of phenomena at low and intermediate q2, particu-
larly useful for the decays we consider in this work, this
model can be seen as a first step in a systematic approxi-
mation. Pade´ approximants are used to go beyond VMD
in a simple manner, also incorporating information from
higher energies, allowing an improved determination of
the low-energy constants relative to other methods [20].
For this reason, we make use in our study of the work
in Refs. [17, 21], where all current measurements of the
space-like TFFs γ∗γ→P [22–27], produced in the reac-
tions e+e− → e+e−P, have been accommodated in nice
agreement with experimental data using these rational
approximants. We benefit from these parameterisations
valid in the space-like region to predict the transitions
Pγ(∗)γ∗ in the time-like region for the Dalitz decays we
are interested in. Despite some shortcomings Pade´ ap-
proximants have in entirely describing the TFF analyti-
cal structure in the time-like region, our primary aim is to
achieve reasonable results for these decays which might
serve as a guideline for the experimental collaborations.
Different parameterizations existing in the literature are
based on interpolation formulas [28, 29], resonance chiral
theory [30, 31] and dispersive techniques [32, 33], among
others [34–43].
This paper is organised as follows. In Section 2, we
introduce our description of the pi0, η and η′ transition
aThe matrix element of the Pγ(∗)γ(∗) transition is given for real or virtual photons by MP→γ(∗)γ(∗) =
ie2µναβq
µ
1 q
ν
2 ε
α
1 ε
β
2FPγ(∗)γ(∗) (q
2
1 , q
2
2), where q1 and q2 are the four-momenta of the photons, ε1 and ε2 are their polarization
vectors, and FPγ(∗)γ(∗) (q
2
1 , q
2
2) is the TFF function [70].
bPerturbative QCD predicts limQ2→∞Q2Fpi0γγ∗ (Q2) = 2Fpi . Alternative values to this result exist, see for instance Refs. [13, 14],
though they seem to be disfavoured, as pointed out in Refs. [15, 16]. For η and η′, see the asymptotic values obtained in Refs. [17, 18].
cThe OPE predicts for the case of the pion limQ2→∞Q2Fpi0γ∗γ∗ (Q2,Q2) = 2Fpi/3.
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form factors using the mathematical method of Pade´ ap-
proximants. Sections 3 and 4 are devoted to the analysis
of single and double Dalitz decays, respectively, and pre-
dictions for several invariant mass spectra and branching
ratios are given. Finally, in Section 5, we present our
conclusions.
2 Transition form factors
The usefulness of Pade´ approximants (PAs) as fitting
functions for different form factors has been illustrated,
for example, in Refs. [17, 18, 20, 21, 44, 45]. It is not our
purpose to provide here formal details of the method but
rather to cover some important aspects for consistency.
The PAs to a given function are ratios of two polynomials
(with degree L and M , respectively)d,
PLM(q
2) =
∑L
j=0
aj(q
2)j∑M
k=0 bk(q
2)k
(5)
=
a0 +a1q
2 + · · ·+aL(q2)L
1+b1q2 + · · ·+bM(q2)M ,
constructed such that the Taylor expansion around the
origin exactly coincides with that of f(q2) up to the high-
est possible order, i.e., O(q2)L+M+1. We would like to
point out that the previous VMD ansatz for the form
factor, Eq. (3), can be viewed as the first element in a
sequence of PAs which can be constructed in a systematic
way. By considering higher-order terms in the sequence,
one may be able to describe the experimental space-like
data with an increasing level of accuracy. The important
difference with respect to the traditional VMD approach
is that, as a Pade´ sequence, the approximation is well-
defined and can be systematically improved. Although
polynomial fitting is more common, in general, rational
approximants are able to approximate the original func-
tion in a much broader range in momentum than a poly-
nomial [46]. Once a Pade´ sequence is chosen, the high-
est element belonging to that particular sequence will be
fixed by experimental data. To be specific, the sequence
will be stopped as soon as the additional coefficients of
the next order PA are statistically compatible with zero.
Despite the success of PAs as fitting functions for
space-like TFFs, some important remarks are in order.
First, there is no a priori mathematical proof ensuring
the convergence of a Pade´ sequence to the unknown TFF
function, though a pattern of convergence may be in-
ferred from the data analysis a posteriori e. For instance,
the excellent performance of PAs in Ref. [18] (see Figs.
2 and 7 there) seems to indicate that the convergence
of the η TFF normalisation and low-energy constants is
assured (see also Ref. [45] for the η′ case). Second, un-
like the space-like TFF data analyses [17, 21], one should
not expect to reproduce the time-like TFF data, since a
Pade´ approximant contains only isolated poles and can-
not reproduce a time-like cutf. However, if this right-
hand cut is approximated by one or more single-particle
states in the form of one or several narrow-width reso-
nances, as stated before, then the Pade´ method may be
still used up to the first resonance pole, indeed, up to
neighbourhoods of the pole. A detailed explanation of
the mathematical reasons for this being the case, upon
discussion, can be found in Section II of Ref. [45]g. Other
approaches, such as the so-called z-expasion, incorporate
ab initio the unitary cut and are shown to be convenient
for describing form factors [72]. The size of the region
which is affected by the presence of the pole, a disk of
radius ε, is not known but, as we will see later, may be
deduced, thus fixing the range of application of the PAs
for time-like data. Third and last, the poles found in the
PAs fitting the TFFs cannot be directly associated with
physical resonance poles in the second Riemann sheet of
the complex plane. These, in turn, may be obtained fol-
lowing the prescriptions of Refs. [47–49], which is beyond
the scope of the present work.
We would like to emphasise that the use of PAs as fit-
ting functions for some set of experimental data can be
viewed as an effective mathematical method which in-
trinsically contains relevant physical information of the
function represented by the data set. In this work, we
benefit from the findings of Refs. [17, 21], where the pi0, η
and η′ TFFs were fixed in the space-like region from the
analysis of the intermediate process γγ∗→P by several
experimental collaborations, to predict the time-like re-
gion of the same TFFs needed for the description of the
reaction P→ γγ∗ and therefore for the single and double
Dalitz decays studied here. The extrapolated version of
the TFFs used in this analysis, from the space-like re-
gion to the time-like one, are discussed case by case in
the following.
2.1 pi0→ γγ∗
Given the small phase-space available in the pi0 →
e+e−γ transition, 4m2` ≤ q2 ≤ M2pi , the pi0 TFF can be
dWithout any loss of generality, we take b0 = 1 for definiteness.
eFor a detailed discussion of Pade´ convergence applied to form factors, see for instance Ref. [20].
fThe TFF function is unknown but expected to be analytical in the entire q2-complex plane, except for a branch cut along the real
axis for q2≥ 4M2pi .
gThese reasons are based on the fact that the imaginary part of the TFF at the pipi threshold and beyond is smooth and thus acceptable
up to the first resonance pole where the threshold expansion in powers of the pion momentum would break down.
hThe form of the Taylor expansion is written in this way to make the slope and curvature parameters non-dimensional.
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Fig. 1. Representation of the pi0 TFF as obtained from fits to the space-like experimental data using Pade´ approxi-
mants [21] (a) and our prediction for its modulus square normalised time-like counterpart, F˜pi0γγ∗(q
2), as a function
of the invariant dilelectron mass,
√
s≡mee (b). For the pi0 time-like TFF, the prediction coming from the Taylor
expansion in Eq. (6) (dot-dashed blue line) is compared to the experimental data from pi0 → e+e−γ [71] (black
circles). The QED prediction (dotted grey line) is also displayed.
expressed in terms of its Taylor expansionh,
Fpi0γγ∗(q
2) =Fpi0γγ(0)
(
1+bpi
q2
M2pi
+cpi
q4
M4pi
+ · · ·
)
, (6)
where Fpi0γγ(0) is fixed from Eq. (1) and the values of
the low-energy constants (LECs), slope and curvature,
bpi and cpi, respectively, are borrowed from Eqs. (12,13)
in Ref. [21]i,
bpi = 3.24(12)stat(19)sys×10−2 ,
cpi = 1.06(9)stat(25)sys×10−3 ,
(7)
where the statistical error is the result of a weighted av-
erage of several fits using different types of PAs to the
same joint set of pi0 TFF space-like data (see Fig. 1(a)
for a graphical example) and the systematic error is at-
tributed to the model dependence of the PA method. In
this way, the values obtained for the LECs can be con-
sidered as model independent. It is worth mentioning
that the systematic errors ascribed to the LECs are quite
conservative, in the sense that they are obtained from a
comparison of the constants predicted by several well-
established phenomenological models for the TFF and
their counterparts extracted using various types of PAs
from fits to pseudo-data sets generated by the different
models. For each LEC, the systematic error is chosen to
be the largest difference among these comparisons, mak-
ing the whole approach reliable and model independent
[21].
As one can see in Fig. 1(b), the Taylor expansion in
Eq. (6) nicely describes the pi0 → e+e−γ time-like ex-
perimental data [71]. Thus, it can be safely used for the
description of the pi0 TFF in this region within the range
of available phase-space, since the first pole seems to ap-
pear, for all types of PAs considered, inside the region
of ρ-dominance [21], thus well beyond the phase-space
end point. Finally, we would like to remark that this ex-
pansion of the single-virtual pi0 TFF will be used for pre-
dicting both pi0→ e+e−γ and pi0→ e+e−e+e− decays, the
latter by means of a factorisation of the double-virtual
pi0 TFF in terms of a product of the single-virtual one
(see Subsection 2.4 for details).
2.2 η→ γγ∗
In order to describe the time-like region of the η TFF
from the space-like data analysis in Ref. [17], we will
employ two PAs, the P 51 (q
2) and the P 22 (q
2). These
are the highest-order PAs one can achieve when con-
fronted with the joint sets of space-like experimental data
which, for the convenience of the reader, we represent in
Fig. 2(a). The sequence PL1 (q
2) is used when the TFF
is believed to be dominated by a single resonance, while
the PNN (q
2) one is appropriate for the case where the
TFF fulfils the asymptotic behaviourj. A Taylor expan-
sion equivalent to Eq. (6), with bη = 0.60(6)stat(3)sys and
cη = 0.37(10)stat(7)sys for the slope and curvature param-
eters, respectively, is better not to be used in this case be-
cause of the larger phase-space available, 4m2` ≤ q2≤M2η .
From the analysis in Ref. [17], we also obtained that the
fitted poles for the PL1 (q
2) sequence are seen in the range
(0.71,0.77) GeV, beyond the phase-space end point, thus
again making our approach applicable and the predic-
tions reliable.
iIn Ref. [21], the sign of the slope parameter in the Taylor expansion of the pi0 TFF in Eq. (1) should be negative in order to agree
with Eq. (4) of the same reference.
jIn Ref. [17], the fit to space-like data is done for Q2|F (Q2)| and not for the TFF itself. As a consequence, PAs satisfying the correct
asymptotic limit, that is, limQ2→∞Q2F (Q2) = const., are represented by the sequence PNN (q
2).
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Fig. 2. Representation of the η TFF as obtained from fits to the space-like experimental data using Pade´ approxi-
mants [17] (a) and our predictions for its modulus square normalised time-like counterpart, F˜ηγγ∗(q
2), as a function
of the invariant dilepton mass,
√
s≡m`` (b). For the η time-like TFF, the predictions coming from the P 51 (q2) (red
solid line) and P 22 (q
2) (long-dashed black line) PAs, and the Taylor expansion (dot-dashed blue line) are compared
with the experimental data from η→ e+e−γ [4] (black circles) and η→µ+µ−γ [7] (green squares). The one-sigma
error bands associated with P 51 (q
2) (light-red) and P 22 (q
2) (light-grey) PAs are also shown. The QED prediction
(dotted grey line) is also displayed.
Our predictions for the modulus squared of the nor-
malised time-like η TFF, F˜ηγγ∗(q
2), as a function of
the invariant dilepton mass,
√
s ≡ m``, are shown in
Fig. 2(b), together with the experimental data points
from the A2 Collaboration for the decay η→ e+e−γ [4]
(black circles) and the NA60 experiment for η→µ+µ−γ
[7]k (green squares). The predictions from the P 51 (q
2)
(solid red line) and P 22 (q
2) (long-dashed black line) are al-
most identical and in nice agreement with the experimen-
tal data, whereas the Taylor expansion (dot-dashed blue
line) is not so precise in the upper part of the spectrum.
For this reason, we will use both PAs indiscriminately
in our analysis . The one-sigma error bands associated
with P 51 (q
2) and P 22 (q
2) PAs are displayed in light-red
and light-grey, respectively. These error bands are built
from the uncertainty in the coefficients of the PAsl and
the normalisation factor extracted from the two-photon
decay width. These bands also include a (tiny) source at-
tributed to the systematic uncertainty coming from the
differing results, as obtained from the element where we
stop the sequence and the preceding ones.
2.3 η′→ γγ∗
The description of the whole time-like η′ TFF by
means of PAs is elaborate. The available phase space,
4m2` ≤ q2 ≤ M2η′ , now includes an energy region where
poles associated with these PAs can emerge. The analy-
sis of the η′ TFF space-like data performed in Ref. [17]
(see Fig. 3(a) for the corresponding space-like fit results)
revealed the appearance of a pole in the range (0.83,0.86)
GeV for the cases of a PL1 (q
2) sequence. Consequently,
we cannot employ the method of PAs for describing the
time-like TFF in the entire phase-space region, and a
complementary approach must be used. Therefore, we
propose to match the description based on PAs to that
given by Eq. (4) at a certain energy pointm. Given the
mass and the width of the ρ meson, the first of the res-
onances included in the VMD description, the region of
influence due to its presence may be defined using the
half-width rule as Mρ±Γρ/2 [50], thus deducing the value
of the radius ε mentioned earlier. The particular energy
point located at
√
s' 0.70 GeV, the lowest value of the
former region for Mρ ' 775 MeV and Γρ ' 150 MeV,
fixes the optimal matching pointn. With this value fixed,
a representation valid in the whole phase-space domain
kWe thank S. Damjanovic from the NA60 experiment for providing us with the time-like TFF data points obtained from η→µ+µ−γ.
lThe coefficients of the PAs along with their errors and the correlation matrix can be obtained from the authors upon request.
mTo proceed with the matching, we have considered an energy-dependent width for the ρ resonance,
Γρ(q
2) = Γρ
q2
M2ρ
σ3(q2)
σ3(M2ρ )
,
with σ(q2) =
√
1−4M2pi/q2, and a constant width for the ω and φ narrow resonances. Input values for the masses and widths as well as
for the rest of the couplings entering Eq. (4) are taken from Ref. [1].
nThe region of influence attributed to the ω and φ poles is negligible, since these are narrow resonances and are placed far from the
matching point.
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2) (solid red line) and P 11 (q
2) (long-dashed black line) PAs,
and the Taylor expansion (dot-dashed blue line) are compared to the experimental data from η′→ e+e−γ [8] (black
circles). From the matching point on, rescaled versions of the VMD description in Eq. (4) are used. The one-sigma
error bands associated to P 61 (q
2) (light-red) and P 11 (q
2) (light-grey) PAs are also shown. The QED (dotted grey
line) and VMD (dotted green line) predictions are also displayed.
is that given by the PA below the matching point and
Eq. (4) above it. In order to match both descriptions of
the form factor at the matching point we have to rescale
the shape of the VMD spectrum accordingly. In this
manner, we keep track of the resonant behaviour in the
upper part of the spectrum where PAs cannot be ap-
plied, while the low-energy region is predicted in a more
systematic way as compared to VMD by PAs established
uniquely from space-like data. This will allow us to in-
tegrate the whole spectrum and predict the branching
ratio of the several η′ Dalitz decays considered here.
Our predictions for the time-like η′ TFF, together
with the experimental data points from the BESIII Col-
laboration for the decay η′ → e+e−γ [8] (black circles),
are displayed in Fig. 3(b). The results from the P 61 (q
2)
(red solid line) and P 11 (q
2) (black long-dashed line) are
shown up to the matching point. The corresponding er-
ror bands are in light-red and light-grey, respectively.
From the matching point on, our predictions are re-
placed by a rescaled VMD representation based on the
three lowest-lying vector resonances. Our PA-based pre-
dictions are again in fine agreement with experiment.
A Taylor expansion with bη′ = 1.30(15)stat(7)sys and
cη′ = 1.72(47)stat(34)sys [17] and the VMD parameteri-
zation, Eq. (4), are also included for comparison. It is
worth mentioning that an extrapolation of the P 61 (q
2)
PA beyond the matching point nicely passes through the
last experimental point. This can be understood in the
following terms. The VMD description includes three
resonances whose poles are located at different places,
while the PL1 (q
2) PAs include only one. Making use of
the single-pole approximation in Eq. (3) and the Taylor
expansion in Eq. (6) for the case of the η′, the slope pa-
rameter is identified as bη′ =m
2
η′/Λ
2. Using the bη′ value
deduced from Eq. (4) one gets Λ =Meff = 0.822(58) GeV,
where the error is due to the half-width rule and can be
utilised as a measure of the region of influence of the pole.
The former value is very similar to the one obtained from
the pole position of the P 61 (q
2) PA, located at
√
s= 0.833
GeV. Therefore, the region of influence of this pole can be
estimated to be in the interval (0.77,0.89) GeV. It is for
this reason that the last experimental point would also
be in agreement with the P 61 (q
2) prediction [45]. This
is not so for the P 11 (q
2) PA, thus showing that increas-
ing the Pade´ order allows for a better description of the
data. In any case, for the numerical analysis of the dif-
ferent decays involving the η′, we keep both PAs for the
sake of comparison.
2.4 P→ γ∗γ∗
The double-virtual TFF, FPγ∗γ∗(q21 , q
2
2), depends on
both photon virtualities, q1 and q2. Due to Bose sym-
metry, it must satisfy FPγ∗γ∗(q21 , q
2
2) = FPγ∗γ∗(q
2
2 , q
2
1).
Its normalisation is obviously the same as the single-
virtual TFF, FPγ∗γ∗(0,0) = FPγγ∗(0), and can be ex-
tracted either from the two-photon partial width by
means of Eq. (1) or from the axial anomaly. It must
also satisfy that when one of the photons is put on-shell
the double-virtual TFF becomes the single-virtual one,
i.e. limq2i→0FPγ∗γ∗(q
2
1 , q
2
2) =FPγγ∗(q
2) for i= 1,2. In ad-
dition, the double-virtual TFF can fulfil the asymptotic
space-like constraints, limQ2→∞FPγ∗γ∗(−Q2,0) ∝ 1/Q2
[51] and limQ2→∞FPγ∗γ∗(−Q2,−Q2)∝ 1/Q2 [19].
Due to the lack of experimental information in the
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case of double-virtual TFFs, our initial ansatz will be
to use the standard factorisation approach, which in
terms of normalised form factors reads F˜Pγ∗γ∗(q21 , q
2
2) =
F˜Pγγ∗(q21 ,0)F˜Pγγ∗(0, q
2
2) [52–54]. This double-virtual
TFF description may or may not satisfy the high-energy
constraints above. As an example, the PA P 01 (q
2) =
a0/(1− a1q2), corresponding to the single-pole approx-
imation in Eq. (3) motivated by VMD, would induce
a 1/q4 term in the double-virtual TFF, which violates
the last of the asymptotic constraints mentioned before
(OPE prediction) [19, 55–57]. For this reason, we also
use for our study the lowest order bivariate approximant
P 01 (q
2
1 , q
2
2) =
a0,0
1− b1,0
M2P
(q21 +q
2
2)+
b1,1
M4P
q21q
2
2
, (8)
which consists of a generalisation of the univariate PAs
named Chisholm approximants (CAs) [46]. The anal-
ysis of the pi0 → e+e− decay is a recent example that
illustrates the application of these CAs [58] (see also
P. Masjuan’s contribution in Ref. [59]). In Eq. (8), a0,0
is identified as the normalisation FPγ∗γ∗(0,0) and then
fixed from Eq. (1), b1,0 is the slope of the single-virtual
TFF obtained in Refs. [17, 21], that is, bpi from Eq. (7) for
the pion and bη(′) from Eq. (5) in Ref. [17] for the η and η
′,
respectively, and b1,1 corresponds to the double-virtual
slope which may be extracted in the future as soon as
experimental data for the double-virtual TFFs become
available. For the numerical analysis, we consider, as
a conservative estimate, varying b1,1 from the value re-
specting the OPE prediction, b1,1 = 0, to b1,1 = 2b
2
1,0, far
from the factorisation result b1,1 = b
2
1,0. In this man-
ner, we can test the sensitivity of our predictions to
the double-virtual slope. We also encourage experimen-
tal groups to perform double-virtual TFF measurements
in order to fix this parameter. In this work, we em-
ploy both descriptions indiscriminately, the factorisation
ansatz and the bivariate approximant in Eq. (8). See
also Ref. [60] for a recent approach to the double-virtual
TFF of the η meson based on the standard factorisation
approach.
3 Single Dalitz decays
The generic amplitude for the single Dalitz decays in-
volves the corresponding single-virtual TFF, as described
in Section 2, and reads
A(P→ `+`−γ) = −ie2FPγγ∗(q2)εαβµνkαqβ∗µ(k)(9)
×−igνρ
q2
u¯(p`−)(−ie)γρv(p`+) .
The corresponding differential decay rate is given by
dΓP→`+`−γ
d
√
sΓexpP→γγ
=
4α
3pi
√
s
√
1− 4m
2
`
s
(
1+
2m2`
s
)
(10)
×
(
1− s
M3P
)3
|F˜Pγγ∗(s)|2 ,
where s ≡ q2 = (p+ + p−)2 ≡ M2`+`− is the dilepton in-
variant mass and the TFF appears to be normalised
in order to avoid misunderstandings due to the differ-
ent conventions for FPγγ∗(0) existing in the literature.
For the numerical computations, we have employed the
PrimEx Coll. resulting value Γpi0→γγ = 7.82(14)(17) eV
[61] and the PDG fitted values Γη→γγ = 0.516(18) keV
and Γη′→γγ = 4.35(14) keV [1].
3.1 pi0→ e+e−γ
The decay process pi0→ e+e−γ was suggested for the
first time by Dalitz in 1951 [62]. The first branching
ratio prediction arose from a pure QED radiative correc-
tions calculation neglecting the momentum dependence
of the TFF [63]. These radiative corrections have been
revisited recently in Ref. [64]. When our description for
the differential decay rate distribution in terms of the
dilepton invariant mass is compared to the QED point-
like prediction, the agreement is found to be almost per-
fect. The reason is that the main contribution to this
rate comes from the very low-energy part of the mass
spectrum, where the effect of the TFF is negligibleo.
Tiny differences appear solely in the high-energy part
of the spectrum. Our result for the integrated branch-
ing ratio is 1.174(12)%, as compared to the QED point-
like value 1.172%. Our prediction is in excellent agree-
ment with the PDG reported value (1.174±0.035)% [1].
The main source of error we have quoted arises from the
uncertainty associated with the low energy constants in
Eq. (7). The error related to the measured two-photon
decay width [61] is also included. Our result is in ac-
cord with several theoretical predictions existing in the
literature [33, 35, 36, 70] and the QED estimates of
Refs. [33, 65, 66]. Needless to say, the dimuon mode
in the final state is kinematically forbidden in this case.
3.2 η→ `+`−γ (`= e,µ)
Due to the larger mass of the η as compared to the
pi0, the dimuon mode in the final state is also acces-
sible in this case. For that reason, these decays are
more challenging for testing the momentum dependence
of the TFF, and higher deviations from the QED point-
like estimates are expected. This is precisely what our
predictions reflect in Fig. 4, where the dilepton invari-
ant mass distributions of η → e+e−γ (solid blue curve)
oWe arbitrarily define the very low-, low- and high-energy part of the spectrum as the part contributing 50%, 30% and 20%, respec-
tively, to the integrated decay rate.
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Table 1. Branching ratio predictions for η→ `+`−γ (`= e,µ) and their comparisons with experimental measurements
and previous theoretical calculations.
Source BR(η→ e+e−γ)×103 BR(η→µ+µ−γ)×104
QED 6.38 2.17
This work (P 51 ) 6.60
+0.50
−0.47 3.25
+0.40
−0.36
This work (P 22 ) 6.61
+0.53
−0.49 3.30
+0.65
−0.56
PDG [1] 6.9±0.4 3.1±0.4
H. Berghauser et al. [3] 6.6±0.4stat±0.4syst
WASA-at-COSY Coll. [6] 6.72±0.07stat±0.31syst
QED [66] 6.38 2.18
FF 2,3 [34] 6.57 3.05
FF 4 [34] 6.53 2.87
LFQM [35] 6.95 2.94
Hidden gauge [36] 6.57±0.03 3.05±0.04
Modified VMD [36] 6.55±0.03 2.97±0.05
and η→µ+µ−γ (solid black curve) are compared to the
QED predictions (dotted and dashed grey curves, respec-
tively). For the sake of comparison, we have employed
a single-pole P 51 (q
2) PA in our prediction. The diago-
nal (asymptotically well-behaved) PA P 22 (q
2) produces
a very similar description, as expected from the small
differences between the two PA versions of the TFF in
the whole kinematical range, as discussed in Section 2.2.
With one version or the other, the impact of the TFF is
much bigger, in absolute terms, in the dimuon case, the
reason being again a peaked distribution in the very-low
energy region of the dielectron spectrum, which gives
the most important contribution to the branching ratio,
where the effect of the TFF is negligible. Notice that
the high-energy parts of the spectra overlap, since the
only difference between them is the dilepton production
threshold. Once the distributions are integrated, we see
from Table 1 that the branching ratio of the dimuon
mode has been increased by 50% as compared to its pre-
diction in QED, while the effect in the dielectron case
is not sizeable (compatible with the QED calculation,
within errors). The asymmetric errors shown in Table 1
arise from the error bands displayed in Fig. 2. Our pre-
dictions are in agreement with present experimental mea-
surements. They also agree with previous theoretical cal-
culations, such as the QED predictions in Ref. [66], the
results in Ref. [34] using different form factors (FF) based
on constraints from QCD and on experiments, the values
in Ref. [35] from the light-front quark model (LFQM),
and those obtained in Ref. [36] within the hidden gauge
and the modified VMD models.
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Fig. 4. Decay rate distribution for η → e+e−γ
(solid blue curve) and η → µ+µ−γ (solid black
curve). The corresponding QED estimates are
also displayed (dotted and long-dashed grey
curves, respectively).
3.3 η′→ `+`−γ (`= e,µ)
Due to the even larger mass of the η′, the phase space
is now enlarged by around 400 MeV and the associated
TFF could be explored up to virtualities of the order
of 1 GeV2 if decay distributions of these processes were
available. Unfortunately, this is not the case and pre-
dictions for these distributions must be provided. Our
proposal for the η′ TFF is the one discussed in Sec-
tion 2.3, which consists in using the PA results obtained
from space-like data up to the matching point located at√
s= 0.70 GeV, then supplemented by a VMD descrip-
tion including the ρ, ω and φ vector resonances beyond
that point. In Fig. 5, the dilepton invariant mass distri-
butions of η′→ e+e−γ (solid blue curve) and η′→µ+µ−γ
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Table 2. Branching ratio predictions for η′ → `+`−γ (` = e,µ) and their comparisons with experimental measure-
ments and previous theoretical calculations.
Source BR(η′→ e+e−γ)×104 BR(η′→µ+µ−γ)×104
QED 3.94 0.38
This work (P 61 ) 4.42
+0.39
−0.35 0.81
+0.16
−0.13
This work (P 11 ) 4.35
+0.29
−0.27 0.74±0.06
PDG [1, 9] 1.08±0.27
BESIII Coll. [8] 4.69±0.20stat±0.23syst
Hidden gauge [36] 4.62±0.17 0.98±0.05
Modified VMD [36] 4.53±0.17 0.90±0.05
(solid black curve) are compared to the corresponding
QED predictions (dotted and dashed grey curves, respec-
tively). For such a comparison, we have employed for
our prediction a single-pole P 61 (q
2) PA. The description
achieved from the diagonal PA P 11 (q
2) is quite similar,
as anticipated from the observation of Fig. 3. For the
dielectron case, the decay distribution evidences again a
marked peak at low energy which, despite the contribu-
tion coming from the resonance region, dominates the
branching ratio, as occurred in pi0(η) → e+e−γ. How-
ever, the effect of the TFF on the η′ → µ+µ−γ decay
distribution is larger than in η→ µ+µ−γ, increasing the
branching ratio by a factor of 2. This is because of both
a larger phase space and the effect of passing through
a q2 region where resonances can be produced on-shell.
Interestingly, the contribution of the ρ resonance bends
the distribution, while the inclusion of the ω resonance
accounts for the sharp peak around 0.8 GeV. Numeri-
cal predictions for the branching ratios are presented in
Table 2, where the errors shown come from the error
bands linked to the TFF. Our predictions are in accor-
dance with the theoretical calculations in Ref. [36], while
they are slightly below the recent experimental measure-
ment of η′ → e+e−γ [8] and the old measurement of
η′ → µ+µ−γ [9], though in agreement within errors in
both cases.
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Fig. 5. Decay rate distribution for η′ → e+e−γ
(solid blue curve) and η′ → µ+µ−γ (solid
black curve). The corresponding QED estimates
are also displayed (dotted and long-dashed grey
curves, respectively).
P (p)
γ∗(q)
`−1
`+1
`−2
`+2
γ∗(k)
P (p)
γ∗(q′)
`−1
`+2
`−2
`+1
γ∗(k′)
Fig. 6. Direct (a) and exchange (b) diagrams asso-
ciated with double Dalitz decays.
4 Double Dalitz decays
The double Dalitz decays involve the double-virtual
TFF, as described in Section 2. They involve four lep-
tons in the final state, which makes the phase-space in-
tegration much more tedious. In the case of having two
pairs of non-identical leptons, that is η(′)→ e+e−µ+µ−,
the required diagram is shown in Fig. 6(a) and the decay
amplitude reads
Aη(′)→e+e−µ+µ− =−i
e4
q2k2
Fη(′)γ∗γ∗(q
2,k2) (11)
× εαβµνkαqβu¯(qe−)γµv(qe+)u¯(qµ−)γνv(qµ+) ,
where q2 = (qe+ +qe−)
2≡M2
e+e− and k
2 = (qµ+ +qµ−)
2≡
M2
µ+µ− are the dielectron and dimuon invariant masses,
respectively. The corresponding differential decay rate
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Table 3. Branching ratio predictions for pi0→ e+e−e+e− and their comparisons with experimental measurements.
Source Double-virtual TFF
BR(pi0→ e+e−e+e−)×105
direct+exchange interference
This work
Chisholm approximants
b1,1 = 0 3.42937(9) -0.03599
b1,1 = b
2
1,0 3.42937(9) -0.03599
b1,1 = 2b
2
1,0 3.42936(9) -0.03599
Factorisation ansatz eq. (6) 3.42945(9) -0.03599
QED 3.41607 -0.03484
Experimental measurements
3.38(16) [1]
3.46(19) [10]
can be reduced top
d2Γη(′)→e+e−µ+µ−
dM2
e+e−M
2
µ+µ− Γ
exp
η(′)→γγ
=S 8α
2
9pi2m6
η(′)
1
k2q2
×
√
1− 4m
2
e
k2
√
1− 4m
2
µ
q2
(
1+
2m2e
k2
)(
1+
2m2µ
q2
)
×
{
1
4
[
m2
η(′)−(k2 +q2)
]2
−k2q2
}3/2
|F˜ (k2, q2)|2 ,(12)
where, in this case, S = 2, in agreement with the expres-
sion given in Ref. [36]. In the case of having two pairs of
identical leptons in the final state, that is P→ e+e−e+e−
or η(′)→µ+µ−µ+µ−, one must instead consider both the
direct (a) and exchange (b) diagrams in Fig. 6. In this
case, the total amplitude of the process then reads
A=Adir−Aexch , (13)
where the minus sign appears due to the exchange of the
two identical leptons. Squaring the former amplitude,
one arrives at
|A|2 = |Adir|2 + |Aexch|2−2<(AdirA∗exch) , (14)
where not only the contributions from both the direct
and exchange diagrams appear, but also that of the in-
terference term. The contributions to the total partial
decay width from the first and second terms of Eq. (14)
are obviously the same, that is, Γdir = Γexch. In this
way, the decay width Γdir+exch is obtained to be that of
Eq. (12), now with S = 1, in accordance with Ref. [41],
once the factor 1
2!2!
accounting for the two pairs of iden-
tical particles in the final state and the sum over the two
contributions have been taken into account. Regarding
the interference term, a detailed expression in terms of
five invariant masses, which requires a Monte Carlo (MC)
simulation to be integrated, is relegated to the appendix.
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Direct diagram
Fig. 7. Different contributions to the pi0 →
e+e−e+e− decay rate distribution as a function
of one dielectron invariant mass of the direct di-
agram: direct diagram (solid green curve), ex-
change diagram (dotted red curve), interference
term (dotted blue curve), and total distribution
(dotted black curve).
4.1 pi0→ e+e−e+e−
The only possible double Dalitz decay of the neu-
tral pion is pi0 → e+e−e+e−. Other possibilities are
not kinematically allowed. In view of the results from
pi0→ e+e−γ, one may expect that the overall effect of the
TFF will be again small. In Fig. 7, we show our results
for the different contributions to the decay rate distribu-
tion as a function of the invariant mass of one dielectron
pair of the direct diagram. Concretely, we display the
curve corresponding to the direct diagram (green solid
line), the curve of the contribution of the exchange dia-
gram expressed in terms of the former dielectron invari-
pSee, for instance, Ref. [67] for reducing four-body final-state distributions into two invariant masses.
qThe curve of the exchange diagram expressed in its own variables would look equal to the solid green line of Fig. 7. In this work, we
have opted to show, in just one figure, all the contributions as a function of one dielectron invariant mass of the direct diagram. In this
convention, the exchange diagram as expressed in Fig. 7 has also required a MC integration.
-10
Chinese Physics C Vol. 42, No. 2 (2018) 023109
Table 4. Branching ratio predictions for η→ e+e−µ+µ− and their comparison with the current experimental upper bound.
Source Double-virtual TFF BR(η→ e+e−µ+µ−)×106
This work
Chisholm approximants
b1,1 = 0 2.39(12)
b1,1 = b
2
1,0 2.39(12)
b1,1 = 2b
2
1,0 2.38(12)
Factorisation ansatz
P 51 2.35
+0.47
−0.40
P 22 2.39
+0.66
−0.53
QED 1.57
Experimental measurement < 1.6×10−4 (90% CL) [5]
ant mass of the direct diagramq (dotted red line), the
interference term (dotted blue line) and finally the total
distribution (dotted black line). We want to note that
the contribution from both direct and exchange diagrams
integrates in the same way and that the interference is
small and destructive. Our BR predictions are shown
in Table 3, from which we corroborate that the effect
of the TFF is small because the main contribution to
the BR proceeds from the very low-momentum trans-
ferred region where a peak emerges, as already occurred
in pi0→ e+e−γ. Our results are in good agreement with
current experimental measurements. The source of the
associated error comes from the uncertainty on the low-
energy parameters in Eq. (7). Notice that the sensitiv-
ity of this decay to the variations of the double-virtual
slope parameter, b1,1, is at the fifth decimal place. In
this sense, the high level of accuracy demanded to infer
its value is unthinkable at the current level of precision.
It is also interesting to compare with other authors’ re-
sults. We are in good agreement with the results given
in Refs. [36, 41, 53] for the direct and exchange contri-
butions, while the result of Ref. [35] is about 5% lower
than our predictions. Regarding the interference term,
we have a perfect agreement with Refs. [36, 53] and a
value about 30% higher than Ref. [41], while Ref. [35]
did not consider this term. Comparing with previous
QED estimates, we agree with Refs. [65, 66] for the di-
rect and exchange contributions. For the interference
term the former did not consider it and the latter gave
a result 5 times larger than ours.
4.2 η→ `+`−`+`− (`= e,µ)
The double Dalitz decays of the η, η → e+e−e+e−,
η → µ+µ−µ+µ− and η → e+e−µ+µ− processes are now
kinematically allowed. Let us first analyse the latter,
for simplicity. In this case, the two dilepton pairs are
different and consequently there is no interference phe-
nomenon. Hence, the distribution rate is just given by
Eq. (12) and shown in Fig. 8 in two different manners,
one expressed in terms of the dielectron invariant mass
and the other in the dimuon variable (blue and red solid
lines respectively), where, of course, both curves inte-
grate the same. Our predictions are shown in Table 4,
where the source of the associated errors comes from
the error bands associated with the TFF for the case
of the factorisation approach, and from the uncertainty
on the single-virtual slope for the description employing
CAs. From the experimental side, we respect the cur-
rent upper limit, while from the theory side, because of
the appearance of a dimuon pair in the final state, the
effect of the TFF increases the BR about 50%, for the
same arguments as explained for η → `+`−γ. This de-
cay, though much more sensitive than pi0 → e+e−e+e−
to the double-virtual slope, b1,1, would require accurate
measurements as well as demanding a very precise de-
scription of the TFF, in order to diminish its associated
error, for deducing b1,1, far from the present situation.
Comparing with other authors, we agree with the pre-
dictions of Ref. [36], while we have found discrepancies
with the value 5.83×10−7 of Ref. [35], with the prediction
2×10−7 of Ref. [34] and with the estimate 7.84×10−7 of
Ref. [66]. In the latter case, the reason seems to be a ty-
pographical fault of a factor of 2 missing, as pointed out
in both Refs. [36, 53]. In such a case, it would reproduce
the QED result of Table 4 as it should be, because they
did not consider the momentum dependence of the TFF.
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Fig. 8. Decay rate distribution for η→ e+e−µ+µ−
as a function of dielectron (blue curve) and
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Table 5. Branching ratio predictions for η → e+e−e+e− and η → µ+µ−µ+µ− and their comparisons with experi-
mental measurements.
Source Double-virtual TFF
BR(η→ e+e−e+e−)×105 BR(η→µ+µ−µ+µ−)×109
dir+exch interf dir+exch interf
This work
Chisholm approximants
b1,1 = 0 2.74(3) -0.02 4.47(33) -0.32
b1,1 = b
2
1,0 2.73(3) -0.03 4.31(31) -0.32
b1,1 = 2b
2
1,0 2.73(3) -0.03 4.15(30) -0.32
Factorisation ansatz
P 51 2.72
+0.43
−0.37 -0.03 4.23
+0.83
−0.70 -0.43
P 22 2.73
+0.45
−0.39 -0.03 4.30
+1.12
−0.91 -0.47
QED 2.56 -0.02 2.59 -0.19
Experimental measurements
3.2(9)stat(5)sys [6]
< 3.6×10−4 (90% CL) [5]
2.4(2)stat(1)sys [11]
dimuon (red curve) invariant mass.
The decays involving two identical dilepton pairs in
the final state, η → e+e−e+e− and η → µ+µ−µ+µ−, re-
quire us to consider Eq. (14). Their distributions are
given in Fig. 9 ((a) and (b) respectively) as a function of
one dilepton invariant mass of the direct diagram. We
explicitly show the contribution from the direct diagram
(solid green curve), the curve of the exchange diagram
expressed in terms of the former dielectron (dimuon) in-
variant mass of the direct diagram (dotted red curve), the
interference term (dotted blue curve) and the total decay
rate distribution (dotted black line). The integrated BR
results are shown in Table 5, where the error comes again
from the error bands of the TFF description as given in
Fig. 2, for the factorisation approach, and from the un-
certainty associated with the slope, bη, for the descrip-
tion using CAs. Comparing with present experimental
status, our prediction for η→ e+e−e+e− is compatible at
less than 1σ with the KLOE measurement [11], as well as
with the recent measurement value of the WASA@COSY
collaboration [6], while our estimate for η→ µ+µ−µ+µ−
respects the current upper bound of Ref. [5]. We have
found the same trend as in η→ `+`−γ, that is, while the
overall effect of the TFF on the electronic mode is small,
increasing the BR of η→ e+e−e+e− by 6% with respect
to the QED estimate, the impact on the muonic channel,
η→ µ+µ−µ+µ−, becomes important, increasing the BR
by a factor ranging (1.6–1.7) with respect to the QED
calculation. As a consequence, the sizeable sensitivity of
η → µ+µ−µ+µ− to the TFF of double virtuality makes
it a good candidate to improve our knowledge of it. In-
terestingly, a precise experimental measurement of this
mode at the percent level of precision leaves us in a posi-
tion to estimate the value of b1,1. For that purpose, it is
also required to diminish the associated uncertainty with
the TFF. Here enters the ability of the Pade´ method we
use for accommodating new experimental data as soon
as released by experimental groups. However, the same
exercise for η→ e+e−e+e− would demand accurate mea-
surements at the per mille level to unveil this quantity,
far from the present situation. Our predictions are in
good agreement with the results of Ref. [36] for the elec-
tronic mode, while (10–15)% over the muonic prediction.
Comparing with Ref. [35] (which did not considered the
interference term) we are 10% over for the electronic case,
while his result for η→ µ+µ−µ+µ− is 60% smaller. We
are also in accordance with the estimate of Ref. [34] for
η→ e+e−e+e−. Regarding the pure QED calculation of
Ref. [66], we are in perfect agreement for the electronic
channel while tiny differences are found in the muonic de-
cay, probably caused by the updated values of our input
values.
4.3 η′→ `+`−`+`− (`= e,µ)
Regarding the double Dalitz decays of the η′, we have
the same three possible final states as for the η. How-
ever, in this case we have only adopted the factorisation
approach ansatz for describing the double-virtual TFF
of the η′. The reason is because the use of Chisholm ap-
proximants, which may respect the appropriate asymp-
totic behaviour q−2, would only apply at low energies,
concretely up to the matching point where PAs are ap-
plicable, while beyond, we are somehow forced to em-
ploy the factorisation approximation, through a VMD
description, which induces a q−4 term. So, there is no
gain respecting the high-energy behaviour in the low-
energy region if we violate it at high energies. We com-
pute first η′→ e+e−µ+µ−, again through Eq. (12). No-
ticeably, it follows the same trend as η → e+e−µ+µ−,
with the difference that this case is sensitive to the reso-
nance region, as can be read off from Fig. 10. Once more,
the low-momentum region basically dominates the distri-
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Fig. 9. Different contributions to the η→ e+e−e+e− (a) and η→µ+µ−µ+µ− (b) decay rate distributions as a func-
tion of one dielectron invariant mass of the direct diagram: direct diagram (solid green curve), exchange diagram
(dotted red curve), interference term (dotted blue curve), and total distribution (dotted black curve).
bution when working with the electronic variable (solid
blue curve), while it is a smooth falling function of the
dimuonic momentum with a small bump and a sharp
peak accounting for the effect of the ρ and the ω, re-
spectively (solid red curve). Both curves integrate to
the same BR. Our predictions are presented in Table 6
without, in this case, any experimental reference to com-
pare with. The effect of the TFF increases by a factor
of about 2 the BR respect to the QED estimate, which
is much notorious than in η→ e+e−µ+µ−.
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Fig. 10. Decay rate distribution for η′ →
e+e−µ+µ− as a function of dielectron (blue curve)
and dimuon (red curve) invariant mass.
Table 6. Branching ratio predictions for η′→ e+e−µ+µ−.
Source BR(η′→ e+e−µ+µ−)×107
This work (P 61 ) 6.80
+1.39
−1.17
This work (P 11 ) 6.25
+0.83
−0.72
QED 3.21
Exp. measurements not seen
The decay spectra for η′ → e+e−e+e− and η′ →
µ+µ−µ+µ− shown in Fig. 11 ((a) and (b) respectively)
have been computed by taking Eq. (14) into account. We
have represented the contributions of the direct diagram
(solid green curve), the exchange diagram expressed in
terms of the variable of the direct diagram (dotted red
curve), the interference term (dotted blue curve) and
lastly the total distribution (dotted black line). One in-
teresting feature concerning phase space is that the elec-
tronic mode (Fig. 11(a)) is clearly sensitive to the inter-
mediate vector resonances, while the muonic (Fig. 11(b))
is basically not. Our predictions are presented in Table 7,
and also reflect the tendency that the effect of the TFF is
sizeable and larger than for the case of the η. In particu-
lar, the BR of η′→ e+e−e+e− and η′→µ+µ−µ+µ− have
increased by 20% and by a factor of 2, respectively. On
the experimental side, we have no observations to com-
pare with, while on the theory side we have only found
the predictions given in Ref. [36] with which we are in
good agreement for the cases with two identical dilepton
pairs in the final state, while we are slightly below for
η′→µ+µ−e+e−.
5 Conclusions
The single and double Dalitz decays P → `+`−γ and
P → `+`−`+`− (P = pi0,η,η′; ` = e or µ) have been
analysed by means of a data-driven model-independent
description of the transition P → γ(∗)γ∗. We have bene-
fited from (our) previous findings on the space-like single-
virtual TFF γγ∗→P obtained through the use of Pade´
approximants to represent these transitions in the time-
like energy region where they are applicable. We have
shown that this extrapolation from the space-like to the
time-like is supported by current experimental data η
and η′ TFFs obtained from η(′)→ e+e−γ and η→µ+µ−γ
decays. This nice behaviour proves that these TFFs are
well approximated by meromorphic functions. Regard-
ing the TFF of double virtuality, besides the standard
factorisation approach, we have motivated the use of
-13
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Fig. 11. Different contributions to the η′ → e+e−e+e− (a) and η′ → µ+µ−µ+µ− (b) decay rate distributions as
a function of one dielectron invariant mass of the direct diagram: direct diagram (solid green curve), exchange
diagram (dotted red curve), interference term (dotted blue curve), and total distribution (dotted black curve).
Table 7. Branching ratio predictions for η′→ e+e−e+e− and η′→µ+µ−µ+µ−.
Source Double-virtual TFF
BR(η′→ e+e−e+e−)×106 BR(η′→µ+µ−µ+µ−)×108
dir+exch interf dir+exch interf
This work
Factorisation ansatz
P 61 2.15
+0.35
−0.29 −0.03 2.19+0.23−0.19 −0.44
P 11 2.09
+0.28
−0.24 −0.01 2.06+0.17−0.15 −0.41
QED 1.75 −0.01 0.98 −0.11
Experimental measurements not seen not seen
Table 8. Central final branching ratio predictions as a combined weighted average of the results presented. Errors
are symmetrised. nσ stands for the number of standard deviations the measured results are from our predictions.
Decay This work Experimental value [1] nσ
pi0→ e+e−γ 1.169(1)% 1.174(35)% 0.15
η→ e+e−γ 6.61(50)×10−3 6.90(40)×10−3 0.45
η→µ+µ−γ 3.26(46)×10−4 3.1(4)×10−4 0.26
η′→ e+e−γ 4.38(32)×10−4 4.69(20)(23)×10−4 0.70
η′→µ+µ−γ 0.75(6)×10−4 1.08(27)×10−4 1.19
pi0→ e+e−e+e− 3.36689(5)×10−5 3.34(16)×10−5 0.17
η→ e+e−e+e− 2.71(2)×10−5 2.4(2)(1)×10−5 1.38
η→µ+µ−µ+µ− 3.98(15)×10−9 < 3.6×10−4
η→ e+e−µ+µ− 2.39(7)×10−6 < 1.6×10−4
η′→ e+e−e+e− 2.10(45)×10−6 not seen
η′→µ+µ−µ+µ− 1.69(36)×10−8 not seen
η′→ e+e−µ+µ− 6.39(91)×10−7 not seen
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bivariate approximants, which would satisfy the high-
energy constraints and whose coefficients may be deter-
mined as soon as experimental data become available.
From the phenomenological point of view, we have found
that the invariant mass distributions involving electrons
in the final state show strong peaks in the very low-
momentum transfer region, which mainly dominate the
contribution to the branching ratios, hence suppressing
the effect of the TFFs. However, distributions involving
muons in the final state are much more homogeneously
distributed and clearly manifest the neat effect of the
TFF, which, in particular, is enhanced for the η′ decays
due to phase-space considerations. Our final branching
ratio predictions are summarised in Table 8, where a
combined weighted averager of the results given in the
different tables has been considered and the uncertainties
symmetrised. The values of nσ shown in the table give
the number of standard deviations the experimental mea-
surements are from our predictions. All these predictions
are seen to be in accordance with present experimental
measurements; only η′→ µ+µ−γ and η→ e+e−e+e− ap-
pear slightly in tension. It is worth stating that our re-
sults for the η and η′ decays are independent of η-η′ mix-
ing effects, the reason being that all the PAs used to fit
the space-like TFFs are fixed at zero momentum trans-
fer by the corresponding experimental two-photon decay
widths and not by the axial-anomaly predictions in terms
of the mixing parameters. Similarly, when diagonal PAs
were used, a constant behaviour for Q2F (Q2) was im-
posed at Q2 → ∞, as predicted by perturbative QCD,
but without fixing the associated constants in terms of
these mixing parameters. To finish, we would like once
more to encourage experimental groups to measure these
TFFs.
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rFor the combined weighted average we follow the standard procedure for unconstrained averaging described in Ref. [1], that is to
say, BR±δBR= (∑iBRi/(δBRi)2/∑i 1/(δBRi)2)±(∑i 1/(δBRi)2)−1/2, where BRi and δBRi are the values and errors displayed in
the different tables for the same particular branching ratio.
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Appendix: Interference term
Four-body decay width in invariant variables
The partial decay width of a particle P of mass MP de-
caying into four particles p1p2p3p4 reads [1]
Γ(P → p1p2p3p4) =
∫
dΦ(pP ;q1, q2, q3, q4) (15)
× (2pi)
4
2MP
∣∣M(P → p1p2p3p4)∣∣2 ,
where dΦ(pP ;q1, q2, q3, q4) is the four-body phase-space ele-
ment given by
dΦ(pP ;q1, q2, q3, q4) = δ
4
(
pP −
4∑
i=1
qi
)
×
4∏
i=1
d3qi
(2pi)32Ei
. (16)
Following Refs. [68, 69], the phase space is expressed in
terms of independent invariant masses (instead of using three-
momenta and angles) as
dΦ(pP ;q1, q2, q3, q4) =
1
8pi10M2P
(17)
× (−B)−1/2 dM212dM234dM214dM2124dM2134 ,
where M2ij = (qi + qj)
2 and M2ijk = (qi + qj + qk)
2. In
the cases that concern us, that is, the interference term for
pi0→ e+e−e+e− and η(′)→ `+`−`+`− (`= e,µ), B reads
B=m8` +
[
M2124
(
M2134−M234
)
+M214
(−M2P +M234)]2
+M212
{
M212
(
M2134−M214
)2
−2(M2134−M214)(M2124M2134−M2PM214)
+2
[(−2M2P +M2134−M214)M214
+M2124
(
M2134 +M
2
14
)]
M234
}
+m4`
{
M412 +M
4
124 +4M
2
124M
2
134 +M
4
134
−2M2P
[
2
(
M2124 +M
2
134
)
+M214
]
+2
(
4M2124 +M
2
134 +M
2
14
)
M234 +M
4
34
+2M212
(
M2124 +4M
2
134 +M
2
14 +M
2
34
)}
+m6`
[
4M2P −2
(
3M212 +M
2
124 +M
2
134 +3M
2
34
)]
−2m2`
{
M412
(
M2134 +M
2
14
)
+
(
2M2P −M2124−M2134
)(−M2124M2134 +M2PM214)
+
[
M4124 +
(−3M2P +M2124 +M2134)M214]M234
+
(
M2124 +M
2
14
)
M434
+M212
[
M434−3M2PM214 +M2124M214 +M2134M214
+
(
M2124 +M
2
134−2M214
)
M234
]}
, (18)
where m` is the lepton mass and the boundary of the physical
allowed region fulfils B = 0. Reference [68] points out that
the choice of variables M212,M
2
34,M
2
14,M
2
124, and M
2
134 is con-
venient to facilitate the finding of the integration limits of B,
since it only depends quadratically on each of the variables.
Other choices can lead to quartics.
Integration limits
In order to find the physical region of one variable, for
instance M214, one must solve B= 0, obtaining
M2±14 =
1
λ(M212,M
2
34,M
2
P )
(19)
×
[
−b±2
√
G(M2124,M
2
34,M
2
12,m
2
` ,M
2
P ,m
2
`)
×
√
G(M2134,M
2
34,M
2
12,m
2
` ,M
2
P ,m
2
`)
]
,
where λ(a,b,c) = a2+b2+c2−2ab−2ac−2bc is the basic two-
particle kinematical function, the Ka´llen function, b is given
by
b= (M234−M212)
[
M234(M
2
124 +m
2
`) (20)
− (M2124−m2`)(M2134−m2`)−2m4`
]
− M212
[
(M2124−m2`)(M2134−m2`)
+ M234(M
2
124 +M
2
134 +2m
2
`−2M2P )
+ (M2134 +3m
2
`)M
2
P
]
+(M212)
2(M2134 +m
2
`) ,
and
G(x,y,z,u,v,w) =u2z−uvw (21)
+ uvx−uvz+uwy−uwz−uxy−uxz−uyz
+ uz2 +v2w+vw2−vwx−vwy−vwz−vxy
+ vyz−wxy+wxz+x2y+xy2−xyz ,
is the basic four-particle kinematic function. As argued in
Ref. [68], the integration limits of the remaining variables,
M212,M
2
34,M
2
124, and M
2
134 are obtained after solving
G(M2124,M
2
34,M
2
12,m
2
` ,M
2
P ,m
2
`) = 0 , (22)
G(M2134,M
2
34,M
2
12,m
2
` ,M
2
P ,m
2
`) = 0 ,
while the dilepton invariant masses M212 and M
2
34 range from
threshold 4m2` to (MP − 2m`)2 and 4m2` to (MP −M12)2,
respectively.
Matrix element of the interference term
The last term in Eq. (14) reads
A1A2 = e
8|F (q2,k2)||F (q′2,k′2)|
q2k2q′2k′2
εµναβεµ
′ν′α′β′ (23)
× (q1 +q2)µ(q3 +q4)ν(q1 +q4)µ′(q2 +q3)ν′
× Tr[( /q1 +m`)γα( /q2−m`)γβ′( /q3 +m`)γβ( /q4−m`)γα′ ] .
The trace and the corresponding contractions with both
the product of Levi-Civita tensors and the different diphoton
four momenta in Eq. (23) have been computed with Form-
Calc. To give a result in the chosen variables, one needs to
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perform some replacements in the former equation: i) q2i =
m2` ; ii) M
2
23 = 2(m
2
`+q2·q3); iii) q2·q3 = 12 (M2P−4m2`)−q1·q2−q1·
q3−q1·q4−q2·q4−q3·q4; iv) q1·q3 = 12 (M2134−3m2`)−q1·q4−q3·q4;
v) q2·q4 = 12 (M2124−3m2`)−q1·q2−q1·q4; vi) q1·q2 = 12M212−m2` ,
q1·q4 = 12M214−m2` , q3·q4 = 12M234−m2` . Finally, the expression
for the interference term in Eq. (23) reads
e8|F (M212,M234)||F (M214,M223)|
M212M
2
34M
2
14 (2m
2
` +M
2
P −M2124−M2134 +M214)2
{
−2m8` +M612 (M2134−M214)+4m6` (−M212 +M2124 +M2134−M234)
+m4`
[
M412−3(M2124 +M2134)2 +4M2PM214 +2M212 (M2124 +5M2134−2M214−5M234)+2(5M2124 +M2134−2M214)M234 +M434
]
−(M4124 +M4134−2M2PM214 −2M2134M234 +2M214M234 +M434)×
[
M2124 (M
2
134−M234)+M214 (−M2P +M234)
]
+M412
[
(M2P +2M
2
134−2M214)M214 +(−2M2134 +M214)M234 +M2124 (−3M2134 +2M214 +M234)
]
+m2`
[
−M612 +(M2124 +M2134)3−(M2124 +M2134)×(5M2124 +M2134−4M214)M234 +(M2124 +M2134−4M214)M434
−M634 +M412 (M2124 +M2134−4M214 +M234)+M212
{
−(M2124 +M2134)(M2124 +5M2134−4M214)+2M2P (M2124−M2134 +2M214)
+2
[
3(M2124 +M
2
134)+4M
2
14
]
M234 +M
4
34
}
−2M2P
[
M4124 +(M
2
134 +2M
2
14)(M
2
134−M234)+M2124 (−2M2134 +2M214 +M234)
]]
+M212
{
M6134 +M
4
124 (3M
2
134−M214−2M234)−M4134 (M214 +2M234)−2M2124 (M2PM214 +M2134M214−M2134M234 +2M214M234 +M434)
+M2134
[
−2M2PM214 +M234 (−4M214 +M234)
]
+M214
[
M234 (4M
2
14 +M
2
34)+M
2
P (4M
2
14 +6M
2
34)
]}}
. (24)
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